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Abstract. Let fi, . . . , fh be h > 2 germs of biholoniorphisnis of C" fixing the 
origin. We investigate tlie shape a (formal) simultaneous linearization of the given 
j^ I germs can have, and we prove that if /i, . . . , /^ commute and their linear parts are al- 

most simultaneously Jordanizable then they are simultaneously formally linearizable. 
CN , We next introduce a simultaneous Brjuno-type condition and prove that, in case the 

linear terms of the germs are diagonalizable, if the germs commute and our Brjuno- 
type condition holds, then they are holomorphically simultaneously linerizable. This 
^^ i answers to a multi-dimensional version of a problem raised by Moser. 

Q 

S ' 1. Introduction 

One of the main questions in the study of local holomorphic dynamics (see [Al], [A2], [Bra], 
CN ■ or [R3] Chapter 1, for general surveys on this topic) is when a germ of biholomorphism /, fixing 

^ [ the origin, is holomorphically linearizable, i.e., when there exists a local holomorphic change of 

coordinates such that / is conjugated to its linear part A. 
t:j- . A way to solve such a problem is to first look for a formal transformation ip solving 

cn 

lO' f oip = ipoA, 

o 






o 



i.e., to ask when / is formally linearizable, and then to check whether ip is convergent. Moreover, 
since up to linear changes of the coordinates we can always assume A to be in Jordan normal 
form, i.e., 

£1 A2 



. P. . A 



\ £n-l Ki / 



where the eigenvalues Ai, . . . , A„ € C* are not necessarily distinct, and Ej can be non-zero only 
if Aj+i = Xj, we can reduce ourselves to study such germs, and to search for 93 tangent to the 
identity, that is, with linear part equal to the identity. 

The answer to this question depends on the set of eigenvalues of the linear part of /, 
usually called its spectrum. In fact, if we denote by A = (Ai,...,A„) € (C*)" the set of 
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the eigenvalues, then it may happen that there exists a multi-index Q = (qi, . . . ,(7„) € N", 
with \Q\ := Yll=i Qj ^ 2, such that 

A« - Aj- := Af • • • XI" -Xj = (1) 

for some 1 < j < n; a relation of this kind is called a (multiplicative) resonance of / relative to 
the j-th coordinate, Q is called a resonant multi-index relative to the j-th coordinate, and we 
put 

ReSj(A) := {Q € N" | \Q\ > 2,A^ = Xj}. 

The elements of Res(A) := IJ?=i ReSj(A) are simply called resonant multi-indices. A resonant 
monomial is a monomial z^ := zf^ ■ ■ ■ z'^ in the j-th coordinate with Q € Resj(A). 

Resonances are the formal obstruction to linearization. Anyway there are formal, and 
holomorphic, linearization results also in presence of resonances, see for example [Rl] and [R3], 
and references therein. 

One generalization of the previous question is to ask when h > 2 germs of biholomor- 
phisms fi, . . . , fh of C" at the same fixed point, which we may place at the origin, are simulta- 
neously holomorphically linearizable, i.e., there exists a local holomorphic change of coordinates 
conjugating fk to its linear part for each k = 1, . . . ,h. 

In dimension 1, this problem has been thoroughly studied, also for commuting systems of 
analytic or smooth circle diffeomorphisms, that are indeed deeply related to commuting systems 
of germs of holomorphic functions, as explained in [P]. The question about the smoothness of 
a simultaneous linearization of such a system, raised by Arnold, was brilliantly answered by 
Herman [H], and extended by Yoccoz [Yl] (see also [Y3]). In [M], Moser raised the problem 
of smooth linearization of commuting circle diffeomorphisms in connection with the holonomy 
group of certain foliations of codimension 1, and, using the rapidly convergent Nash- Moser 
iteration scheme, he proved that if the rotation numbers of the diffeomorphisms satisfy a si- 
multaneous Diophantine condition and if the diffeomorphisms are in some C°°-neighborhood of 
the corresponding rotations (the neighborhood being imposed by the constants appearing in the 
arithmetic condition, as usual in perturbative KAM theorems) then they are C°°-linearizable, 
that is, (7°° -conjugated to rotations. We refer to [FK] and references therein for a clear expo- 
sition of the one-dimensional problem and for the best results, up to now, in such a context. 
Furthermore, the problem for commuting germs of holomorphic functions in dimension one has 
been studied by DeLatte [D], and more recently by Biswas [Bi], under Brjuno-type conditions 
generalizing Moser's simultaneous Diophantine condition. 

In dimension n > 2 much less is know in the formal and holomorphic settings. Gramchev 
and Yoshino [GY] have proved a simultaneous holomorphic linearization result for pairwise com- 
muting germs without simultaneous resonances, with diagonalizable linear parts, and under a 
simultaneous Diophantine condition (further studied by Yoshino in [Yo]) and a few more tech- 
nical assumptions. In [DG], DeLatte and Gramchev investigated on holomorphic linearization 
of germs with linear parts having Jordan blocks, leaving as an open problem the study of si- 
multaneous formal and holomorphic linearization of commuting germs with non-diagonalizable 
linear parts. Recently it has been proved in [R2] that h > 2 germs fi, . . . , fh of biholomor- 
phisms of C", fixing the origin, so that the linear part of /i is diagonalizable and /i commutes 
with fk for any k = 2, . . . ,h, under certain arithmetic conditions on the eigenvalues of the 
linear part of /i and some restrictions on their resonances, are simultaneously holomorphically 
linearizable if and only if there exists a particular complex manifold invariant under fi, . . . , fh- 



Therefore, there are at least three natural questions arising in this setting: 

(Ql) Is it possible to say anything on the shape a (formal) simultaneous linearization 
can have? 

(Q2) Are there any conditions on the eigenvalues of the linear parts of h > 2 germs 
of simultaneously formally linearizable biholomorphisms ensuring simultaneous 
holomorphic linearizability? 

(Q3) Under which conditions on the eigenvalues of the linear parts of h > 2 pairwise 
commuting germs of biholomorphisms can one assert the existence of a simul- 
taneous holomorphic linearization of the given germs? In particular, is there a 
Brjuno-type condition sufficient for convergence? 

Note that the third question is a natural generalization to dimension n > 2 of the question 
raised by Moser [M] in the one-dimensional case (see also the introduction of [FK]). 

In this paper we shall give complete answers to these three questions without making any 
assumption on the resonances. Before stating our answer to the first question, we need the 
following definition. 

Definition 1.1. Let Mi, . . . , Mh heh > 2 complex nxn matrices. We say that Mi, . . . , Mh are 
almost simultaneously Jordanizable, it there exists a linear change of coordinates A such that 
A~^MiA, . . . , A~^MhA are almost in simultaneous Jordan normal form, i.e., for k = 1, . . . ,h 
we have 



A-^MkA 



/Afc,i \ 



\ efc,n-l ^k,n' 



£k,j / =^ Xkj — Xk,j+i- (2) 



We say that Mi , . . . , M^ are simultaneously Jordanizable if there exists a linear change of 
coordinates A such that we have (2) with Skj G {0,e}. 

It should be remarked that two commuting matrices are not necessarily almost simulta- 
neously Jordanizable, and that two almost simultaneously Jordanizable matrices do not nec- 
essarily commute; see section 2 for details. However, the almost simultaneously Jordanizable 
hypothesis still is less restrictive than the simultaneously diagonalizable assumption usual in 
this context. 

The following result gives an answer to (Ql). 

Theorem 1.1. Let fi, . . . , fh he h > 2 formally linearizable germs of biholomorphisms of C" 
fixing the origin and with almost simultaneously Jordanizable linear parts. If fi, . . . , fh are 
simultaneously formally linearizable, then they are simultaneously formally linearizable via a 
linearization ip such that fqj = for each Q and j so that Q G n^^;^ReSj(Afc), and such a 
linearization is unique. 

We also have a condition ensuring formal simultaneous linearizability. 

Theorem 1.2. Let fi, . . . , fh be h > 2 formally linearizable germs of biholomorphisms of C" 
fixing the origin and with almost simultaneously Jordanizable linear parts. If fi, . . . , fh all 
commute pairwise, then they are simultaneously formally linearizable. 

To state our result on simultaneous holomorphic linearizability we need to introduce the 
following Brjuno-type condition. 



Definition 1.2. Let n > 2 and let Ai = (Ai^i, . . . , Ai^„), . . . ,Ah = (A/j^i, . . . , Xh,n) he h > 2 
n-tuples of complex, not necessarily distinct, non-zero numbers. We say that Ai, . . . , A/j sat- 
isfy the simultaneous Brjuno condition if there exists a strictly increasing sequence of inte- 
gers {pu}u>o with po = 1 such that 



^llo, 



u>oP'' WAi,...,aJp,.+ i) 



< +00, 



where for any m > 2 we set 



with 



WAi,...,A,M= ,min Eq, 

2< I Q I <m 



So = iiiin max lA^ — Xh A- 

l<j<nl<k<h '^ '■' 



If Ai, . . . ,Ah are the sets of eigenvalues of the linear parts oi fi, . . . , fh, we shall say that 
fi, . . . , fh satisfy the simultaneous Brjuno condition. 

Our holomorphic linearization result answering (Q2) is then the following. 

Theorem 1.3. Let fi, . . . , fh be h > 2 simultaneously formally linearizable germs of biholo- 
morphism of C" fixing the origin and such that their linear parts Ai, . . . , A/j are simultaneously 
diagonalizable. If fi, . . . , fh satisfy the simultaneous Brjuno condition, then fi, ■ ■ ■ fh are holo- 
morphically simultaneously linearizable. 

Using Theorem 1.3 we are also able to give a positive answer to the generalization (Q3) of 
Moser's question. 

Theorem 1.4. Let fi, . . . , fh be h > 2 formally linearizable germs of biholomorphisms of C"" 
fixing the origin, with simultaneously diagonalizable linear parts, and satisfying the simultane- 
ous Brjuno condition. Then fi, ■ ■ ■ , fh are simultaneously holomorphically linearizable if and 
only if they all commute pairwise. 

The structure of the paper is as follows. In the next section we shall discuss properties of 
simultaneously formally linearizable germs, and we shall give a proof of Theorem 1.1, Theo- 
rem 1.2 and other formal results that we can obtain. In section 3 we shall prove Theorem 1.3 
and Theorem 1.4 using majorant series. In the appendix we shall discuss the equivalence 
between various Brjuno-type series. 

Acknowledgments. I would like to thank the members of the Dipartimento di Matematica e 
Applicazioni of the Universita degli Studi di Milano Bicocca for their warm and nice welcome. 

2. Simultaneously formally linearizable germs 

In this section, we shall deal with formal simultaneous linearization. We shall first investi- 
gate the properties one can expect from a simultaneous formal linearization, and then we shall 
provide conditions for simultaneous formal linearizability in presence of resonances. 

Definition 2.1. Let A G (C*)*^ and let j G {1, . . . ,n}. We say that a multi-index Q G N", 
with \Q\ > 2, gives a resonance relation for A relative to the j-th coordinate if 



KQ ■= \f ... \i^ = A 
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and we put 

ReSj(A) = {Q G N" I \Q\ > 2, A^ = A,}. 

The elements of ReSj(A) are simply called resonant multi- indices with respect to j. 

If A is a complex nx n invertible matrix in Jordan normal form, then, with a slight abuse 
of notation, we shall denote by Resj (A) the resonant multi-indices of the eigenvalues of A. 

Let us start with the following useful result. 

Lemma 2.1. Let f be a germ of hihoJomorphism of C" fixing the origin, and let A be an 
invertible n x n complex matrix in Jordan normal form, commuting with f. Then the linear 
part of f commutes with A and f contains only monomials that are resonant with respect to 
the eigenvalues of A. 

Proof. We can write / in coordinates, as f(z) = Mz + f{z) = Mz + X]|o|>2 /q-^*^- ^^ f 
commutes with A then, comparing terms of the same degree, it is clear that M has to commute 
with A. 

If A is diagonal, it is obvious that / commutes with A if and only if / contains A-resonant 
terms only. 

Let us now assume that A contains at least a non-trivial Jordan block, that is 



A 



\ £n-l A„ / 



Ej € {0, e}, Ej ^0^ Xj = Aj+i, 



with at least one non-zero Ej. 

Up to reordering, we may assume Ei 7^ 0. For each component j € {1, . . . , n}, we have 

{Af{z))j = Xjfj{z)+Ej-Jj-i{z), 

where we set e_i = 0, and 
(/(Az)), = Yl fQ,M^f 

IQI>2 



|Q|>2 fc=2 ^ '^ "^ 



^2^ (Qn\ '^l •••^n-l ^fc2^fc3-fc2 fc"-fc„-i -fe„ 

\fc2 \fcn 1 2 ■ ■ '^n-l ^n ) 

|Q|>2 0<fc2<«2 ^'"^^ ^'""^ ^2 •••^" 



0<kn<qn 

where we are using the convention 0*^ = 1. Note that z^ = z^ ■ z^ Z2~ "^ • • • z^_^ ""^z"'^" is 
a monomial with the same degree as z^ , i.e., |P| = \Q\, but subsequent in the lexicographic 
order, i.e., P > Q. Moreover, if Q is a resonant multi-index relative to j, i.e., A*^ = Xj, then 
also P is. In fact, for each Jordan block of order i, we have A^^ = . . . = Ai^-(_^, so 

\i ■ ■ ■ \e+e — \i \i+i ■ ' ' \e+e 



>: 

n<fc2<ij2 


f'^'V 


..(^-^ 


\'"- 




v^2y 


\knj 


1 \fc2 

^2 ■ 


••A^ 


0<k^<q„ 











Now we prove that for each j G {1, . . . ,n} the j'-th component of / contains only A-resonant 
monomials. For the first component we have 

1QI>2 



Let Q be the first, with respect to the lexicographic order, non resonant multi-index so that 
/— 7^ and let us compare the coefficients of z^ in both sides of (3). In the left-hand side we 

just have Ai/~ ; in the right-hand side we only have A*^/- , because other contributes could 
come only by previous multi- indices, but, as observed above, they all give resonances because 
we are assuming Q to be the first non resonant multi-index. Hence we have 

(A^-Ai)/^,,=0, 

yielding, since A*^ 7^ Ai, /- = 0, and contradicting the hypothesis. Now we turn to the second 
component, and since we are assuming ei ^ 0, we have A2 = Ai, so we have 



.fc 



Aj.(z)Wi(.)=E/«,^^^-^E r ••• r T^T^ 

|Q|>2 o<k^<,y^y V^n/ A2 •••An 

0<kn<qn 

Let Q be the first, with respect to the lexicographic order, non resonant multi-index so that 
/— 7^ and let us compare the coefficients of z^ in both sides of (4). In the left-hand side 
we just have Ai/~ because we proved above that /i contains only resonant monomials; in 
the right-hand side we again have only A*^/~ , because other contributes could come only by 

previous multi-indices, but, as observed above, they all give resonances since Q is the first non 
resonant multi-index. Then we repeat the same argument used above and we prove that also 
/2 contains only resonant monomials. Now we can use the same arguments for the remaining 
components, and we get the assertion. D 

Remark 2.2. Notice that in the previous result we did not make any hypotheses on the diag- 
onalizability or not of the linear part M of the germ /, because we just wanted to understand 
what information we can deduce on / assuming its commutation with a matrix in Jordan 
normal form. 

Remark 2.3. Note that Lemma 2.1 does not hold if A is just triangular. For example, if we 

take 

/ A2A3 

A= A2 

\A3(1 — A2) A3 — A2 A3 

with A2, A3 € C \ {0, 1} and A2 7^ A3, and A is any complex 3x3 matrix commuting with A 
(for example A itself), then A commutes with the germ 

f{z) = Az + {z2{zi + Z2 + z:i),Q,-Z2{zi + Z2 + ^;3)), 



and / clearly contains monomials non resonant with respect to the eigenvalues of A. 

In the following we shall need the following notion. 

Definition 2.2. Let Mi, . . . , Mh heh > 2 complex nxn matrices. We say that Mi, . . . , Mh are 
almost simultaneously Jordanizable, it there exists a linear change of coordinates A such that 
A~^MiA, . . . , A~^MhA are alm^ost in sim^ultaneous Jordan normal form, i.e., for k = 1, . . . ,h 
we have 



A-^MkA 



/Afc,i \ 



\ £fc,n-l ^k,n' 



^k,j 7^ =^ Xkj — Xk,j+i- (5) 



We say that Mi , . . . , Mh are simultaneously Jordanizable if there exists a linear change of 
coordinates A such that we have (5) with Skj £ {0,e}. 

Remark 2.4. Note that the problem of deciding when two nxn complex matrices are almost 
simultaneously Jordanizable is not as easy as when the two matrices are diagonalizable. Indeed, 
whereas h > 2 diagonalizable matrices are simultaneously diagonalizable if and only if they 
commute pairwise, and if /i > 2 matrices commute pairwise then they are simultaneously 
triangularizable (but the converse is clearly false), if two matrices commute then this does 
not imply that they admit an almost simultaneous Jordan normal form, and it is not true in 
general that two matrices almost in simultaneous Jordan normal form commute. For example 
the following two matrices 



A = e A M = \ S fj, A, e, ^, 5, /3 G 






commute, but in general it is not possible to almost simultaneously Jordanize them. In fact all 
the matrices A such that M is almost in simultaneous Jordan normal form with A have to be 
invertible solutions of the following equation 



AM 



(and C has to be non- zero because M ^ f^Is)', hence A is of the form 

f/ + fe 

^=1 d e 

g h 

which is invertible if and only if f3f + (5e 7^ and /i 7^ 0. But 



AA 



yields h = 0, implying that A and M are not almost simultaneously Jordanizable (and so they 
are also not simultaneously Jordanizable). 




On the other side, the following two matrices 

^ /^ 0\ _ //. 

A= e A M=\ 5 jj, I X,e,n,6,r] e C* 





are almost in simultaneous Jordan normal form but they do not commute. 

In studying the convergence of a formal linearization of a germ of biholomorphism, and 
hence also in the case of simultaneous formal linearizations, it is useful to be able to use formal 
linearizations of the special kind we are now going to introduce. 

Definition 2.3. Let / be a germ of bihomolomorphism of C" fixing the origin and with linear 
part A in Jordan normal form. A tangent to the identity (formal) linearization 99 of / is said 
non resonant if for each resonant multi- index relative to the j-th coordinate, Q € ReSj(A), the 
coefficient (fQ^j of z^ in the power series expansion of the j-th coordinate of 99 vanishes, i.e., 

^Q,j = 0. 

Definition 2.4. Let fi, . . . , fhhe h > 2 formally linearizable germs of biholomorphisms of C" 
fixing the origin and with linear parts Ai, . . . , A^ almost in simultaneous Jordan normal form. A 
tangent to the identity (formal) simultaneous linearization (p oi fi, . . . , fh is said non resonant if 
for each simultaneous resonant multi-index relative to the j-th coordinate, Q € n^^^ReSj(Afc), 
the coefficient ^qj of z^ in the power series expansion of the j-th coordinate of tp vanishes, 
i.e., ipQj = 0. 

Let us now investigate the shape a formal simultaneous linearization can have. It can 
be proven, see [Rii] and [R4], that a formally linearizable germ of biholomorphism is formally 
linearizable via a non resonant formal linearization, and such a linearization is unique. The 
same is true also for simultaneously formally linearizable germs, but with a slightly different 
proof, as shown in the next result. 

Theorem 2.5. Let fi, . . . , fh be h > 2 formally linearizable germs of biholomorphisms ofC^ 
fixing the origin and with almost simultaneously Jordanizable linear parts. If fi, . . . , fh are 
simultaneously formally linearizable, then they are simultaneously formally linearizable via a 
non resonant linearization ip, and such a linearization is unique. 

Proof. We may assume, up to linear changes of the coordinates, that the linear parts Ai, . . . ,Ah 
oi fi, . . . , fh are almost in simultaneous Jordan normal form, i.e.. 



A 
A 






^k,j t" =^ Xk,j — Xkj-\-i, 



\ £k.n-^ Ajfc.n / 



for k = 1, . . . ,h. 

We know that there exists a formal change of coordinates (p tangent to the identity and 
such that (p~^ o fj^ o cp = A^ for all k = 1, . . . ,h. If (pQj = for each Q and j so that 
Q € n^^^ReSj(Afc), then we are done and we only have to show that such a linearization is 
unique. 

If there is at least one multi-index Q G n^^^ReSj(Afc) with j G {1, . . . ,n} and such that 
(pQj 7^ 0, then we can construct another formal simultaneous linearization ip which is non- 
resonant. Since we can write fk = ^oAkOip~^ for each k = 1, . . . ,h, ip has to satisfy 

{p~ O Ip O Afc = Afc o {p~ o ^, 



i.e., we need to construct V' not containing monomials simultaneously resonant for Ai, . . . , A^ 
and such that (by Lemma 2.1) ip~^ o ip contains only monomials simultaneously resonant for 
Ai,...,Ah. Writing 



/ 



99 . [Z) = Zj 



1+ E 



^Qjz'^ + 



V 



Q€Ni 



E 



fQ,jZ 



\ 



J 



j = l,...,n, 



where 



Nj := {Q G Z" I \Q\ > 1, Qj > -1, qn > for all h 7^ j}, 
we want to find tp of the form 



/ 



1pj{z) = Zj 



\ 



1 + 



V -? 



E 

Qeiv,- 



V'Q,j^ 



:.Q 



7^1, for some k^l,...,h 



, j = l,...,n, 



such that 



{if ^ otl;)j{z) = Zj 






9Q,3Z 



Q 



Q€N, 



, j = l,...,n. 



J 



Using the same argument of the proof of Poincare-Dulac Theorem (see [Ar] pp. 192-193 or [R3] 
pp. 40-41), in the j'-th coordinate of (p~^ o ^, the coefficient of z'^ with Q so that A^ 7^ 1 for 
at least one k is equal to 

tjjQj + Polynomial (c/?~^, previous ipp,i), 

where the polynomial in the previous formula is "universal" in the sense that it depends only 
on the fact that we are composing two power series and it does not depend on the coefficients 
of ip~^ and on the previous tpp^i, that are in fact just arguments of this universal polynomial. 
Hence it suffices to put 

ipQj = —Polynomial(99~"'^, previous V'p.O- 

Note that for the first non-resonant multi-indices, due to degree considerations, we just have 
to put Vq,j = -^Q,j- 

We proved that there exists a formal non-resonant tangent to the identity simultaneous lin- 
earization ip of the given germs, containing only monomials that are not simultaneous resonant 
for the eigenvalues of Ai , . . . , A/j . Let us assume by contradiction that there exists another such 
a linearization ip and ip ^ (p. Writing ip{z) = z + Y1\q\>2 ^Q^^ ^^"^ "^{z) = z + Y1\q\>2 V'q-^'^, 
let Q be the first multi-index, with respect to the lexicographic order, so that (p- ^ ip~ and let 
£ G {1, . . . , n} be the minimal index such that ip~ 7^ ip~ . Since for each Q G n^^]^Res^(Afc) 



we know that <fQ/ = ipq/ = 0, there is at least one germ /^ such that A^ ^ ^k,e- We know, 
again by the proof of Poincare-Dulac Theorem, that 



A^ - Afc,£ j fQ^^ = Polynomial(/fc, previous (fpj 



and, similarly. 



,Q 



^k ~ ^k,e. ]i^3f = Polynomial(/fc, previous ^pj 



where, again, the polynomial in the previous formulas is "universal" , because again it depends 
only on the fact that we are composing power series and it does not depend on the coefficients of 
fk and on the previous cppj or ippj, that are in fact just arguments of this universal polynomial. 
Hence, since we are assuming that cppj = ippj for all the multi-indices P < Q and, for P = Q, 
for all j < i, we have that 

Polynomial(/fc, previous ^pj) = Polynomial (/fc, previous ippj) 

implying that ^^ „ = ^7^ p ^'^^ contradicting the hypothesis. D 

Remark 2.6. The universal polynomials we dealt with in the last proof can be interpreted 
and computed using the mould formalism introduced by Ecalle (see [E]), and in this sense the 
latter proof is a mouldian proof. 

As announced in the introduction, we shall now give a condition ensuring formal simulta- 
neous linearizability. 

Theorem 2.7. Let fi,- ■ ■ ,fh he h > 2 formally linearizable germs of biholomorphisms of 
C* fixing the origin and with almost simultaneously Jordanizahle linear parts. If fi, . . . , fh 
all commute pairwise, i.e., fp o fg = fqO fp for any p and q in {!,... ,/i}, then they are 
simultaneously formally linearizable. 

Proof. We may assume without loss of generality that the linear parts Ai, . . . , A/i of the germs 
are all almost in simultaneous Jordan normal form. Since /i is formally linearizable, it is 
possibly to linearize it with a non-resonant formal linearization (pi (see [Rii] and [R4]). Then, 
thanks to the commutation hypothesis, by Lemma 2.1, f2 = (fi^ o f20ipi^ ... ^fi^ = ip~^ o ff^oip-^ 
contain only Ai-resonant terms. Now we claim that it is possible to find a formal change of 
coordinates ip2 fixing the origin, tangent to the identity, containing only Ai-resonant terms that 
are not A2-resonant, and conjugating /2 to a germ (72 with same linear part and in Poincare- 
Dulac normal form. In fact, we have to solve 

A2 + ^-(^^)) o (/ + (^f ^(^^)) = (/ + (^f ^(^^)) o (a2 + ^^-(AOnResCA.) 

where f^^^i^^) contains only monomial resonant with respect to the eigenvalues of Ai, and so 
on, that is 

A2(pf ^(^^) + ^^<^^) o (/ + (^f ^(^^)) = ^R-(A,)nRes(A.) ^ ^Res(Ai) ^ /^^ ^ ^Res(A,)nRes(A.) 



which is solvable by the usual Poincare-Dulac procedure and setting ^20 j =0 whenever 
A2 = ^2,j- But since /2 is formally linearizable, the linear form is its unique Poincare-Dulac 
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normal form (see [R4] Theorem 2.3), so 52 = ^2- Hence, since the given germs commute 
pairwise, c/?^ o ip~ o f^ o cpi o ip2, . . . , c/?^ o tp^ o fh ° ^1 ° ^2 contain only monomials that 
are simultaneously Ai and A2 resonant, and we can iterate the procedure finding a formal 
linearization cps of 99^ o ip~ o f^ o ipi o ip2 containing only monomials that are Ai and A2 
resonant but not A3-resonant. We can then iteratively perform the same procedure getting 
ipi, . . . ,iph formal transformations such that ipio ■ ■ ■ o{pf^ is a simultaneous formal linearization 
of/i,...,A. D 

Remark 2.8. The simultaneous formal linearization obtained in the last proof is non-resonant. 
Moreover, we can perform the same procedure with a different permutation of the indices, i.e., 
starting with fa(i) and then continuing with f^i2) &^d so on, where a is any permutation of 
{1, . . . ,n}, and, by Theorem 2.5, we always get the same linearization. 

Remark 2.9. The hypothesis on the pairwise commutation is indeed necessary. In fact, if 
Ai and A2 are two commuting matrices almost in simultaneous Jordan normal form such that 
Res(Ai) 7^ and Res(A2) 7^ 0, but Res(Ai) nRes(A2) = 0, the unique formal transformation 
tangent to the identity and commuting with both Ai and A2 is the identity, so any non-linear 
germ f^ with linear part in Jordan normal form and commuting with Ai (that is, containing 
only Ai-resonant terms) but not with A2 cannot be simultaneously linearizable with Ai and 
A2. 

Note that, in the proofs of the previous results, we needed to assume the almost simultane- 
ous Jordanizability of the linear parts of the given germs, and indeed we cannot perform those 
proofs just assuming that those linear parts are just simultaneously triangularizable, because, 
as already remarked. Lemma 2.1 does not hold for general triangular matrices. Anyway, this 
is more than what was usually known in the previous literature, where in general linearization 
results are proved only for germs with diagonalizable linear part. Moreover, in the particular 
case of diagonalizable linear parts, recalling that h > 2 diagonalizable commuting complex 
n X n matrices are simultaneously diagonalizable, we have the following equivalence. 

Theorem 2.10. Let fi,- ■ ■ ,fh be h > 2 formally linearizable germs of biholomorphisms of 
C" fixing the origin and with simultaneously diagonalizable linear parts. Then fi, ■ ■ ■ , fh lire 
simultaneously formally linearizable if and only if they all commute pairwise. 

Proof. If fi, . . . , fh are simultaneously formally linearizable, since their linear parts are simul- 
taneously diagonalizable, then they all commute and we are done. 

The converse follows from Theorem 2.7. D 

Remark 2.11. Note that having simultaneously diagonalizable linear parts is equivalent 
to having diagonalizable pairwise commuting linear parts, but being simultaneously formally 
linearizable does not imply that the linear parts are pairwise commuting, even when the linear 
parts are diagonalizable. 

It is possible to find cases of formal simultaneous linearization even without assuming that 
the linear parts are almost simultaneously Jordanizable or that the germs commute pairwise, 
as shown in the following results. However, in those cases one has to assume other conditions, 
for example on the nature of resonances. We refer to [R2] and [R3] for the definitions of only 
level s resonances and simultaneous osculating manifold. 

Proposition 2.12. Let fi, . . . , fh be h > 2 germs of biholomorphism of C" fixing the origin. 
Assume that the spectrum of the linear part of /i has only level s resonances and that /i 
commutes with fk for k = 2, . . . ,h. Then fi, . . . , fh are simultaneously formally linearizable if 
and only if there exists a germ of formal complex manifold M at O of codimension s, invariant 
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under ff^ for each h = 1, . . . ,m, which is a simultaneous osculating manifold for fi, . . . , /„ and 
such that JWm, ■ ■ ■ , fm\M are simultaneously formally linearizable. 

Proof. It is clear from the proof of Theorem 2.5 of [R2] that it is possible to perform it in the 
formal category, where to formally linearize /i, under these hypotheses, it suffices to have the 
only level s hypothesis. D 

Proposition 2.13. Let fi, . . . , fh be h > 2 germs of biholomorphisms of C" fixing the origin 
and such that the eigenvalues of the linear part of f\ have no resonances. If /i commutes with 
fk for k = 2, . . . ,h, then fi, ■ ■ ■ , fh are simultaneously formally linearizable via a unique formal 
linearization. 

Proof. Up to linear conjugacy, we may assume that the linear part Ai of /i is in Jordan 
normal form. Since the eigenvalues of Ai are non-resonant, /i is formally linearizable via a 
unique linearization ip with no constant term and with identity linear part. Then, by Lemma 
2.1, thanks to the commutation hypothesis, (p~^ o fk ° f contains only monomials that are 
resonant with respect to the eigenvalues of Ai, and we get the assertion. D 

In particular, if the eigenvalues of the linear part of all fk have no resonances, the unique 
formal linearization cpk of fk is indeed the unique simultaneous formal linearization of the germs 

/l) • • • ) fh- 

Another example of the results we can obtain using this kind of arguments is the following. 

Corollary 2.14. Let fi, . . . , fh be h > 2 germs of biholomorphisms of C" fixing the origin 
and such that the linear parts Ai and A2 of /i and /2 are almost simultaneously Jordanizable 
and have no common resonances (i.e., ReSj(Ai) n ReSj(A2) = for j = 1, . . . , n). If fi and /2 
commute with fk for k = 1, . . . ,h, then fi, . . . , fh are simultaneously formally linearizable. 

3. Convergence under the simultaneous Brjuno condition 

In this section we shall prove a holomorphic simultaneous linearization result in presence of 
resonances. Note that, even if in the previous section we proved formal simultaneous lineariza- 
tion results just assuming almost simultaneous Jordanizability of the linear parts, to prove 
convergence in "generic cases" we need to assume simultaneous diagonalizability of the linear 
parts because of Yoccoz's counter example (see [Y2] pp. 83-85) to holomorphic linearization 
in case of linear part in (non diagonal) Jordan form. 

We shall now introduce the arithmetical Brjuno-type condition that we shall need to prove 
our holomorphic linearization result. 

Definition 3.1. Let n > 2 and let Ai = (Ai^i, . . . , Ai^„), . . . ,Ah = {)^h,i, ■ ■ ■ , ^h,n) he h > 2 
n-tuples of complex, not necessarily distinct, non-zero numbers. For any m > 2 we set 

wAi,...,aJ"i) = min eq, 

2<\Q\<m 

with 

£q = min max \A? - Xkj\. 
l<j<nl<k<h " '■' 

Note that, since Q ^ n^^;^n^^]^ReSj(Afc), we have Eq always non-zero, and hence also oj^m) 
is always non-zero. If Ai, . . . , A/^ are the sets of eigenvalues of the linear parts oi fi, . . . , fh, we 
shall write ujf^^,,,j^{m) for iOAi,...,Ahi'>n). 
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Definition 3.2. Let n > 2 and let Ai = (Ai^i, . . . , Ai^„), . . . ,Ah = (A/j^i, . . . , Xh,n) he h > 2 
n-tuples of complex, not necessarily distinct, non-zero numbers. We say that Ai, . . . , A/j sat- 
isfy the simultaneous Brjuno condition if there exists a strictly increasing sequence of inte- 
gers {pu}u>o with po = 1 such that 



^ — ' r).. 



< +00. (6) 



If Ai, . . . , A?i are the sets of eigenvalues of the linear parts of fi, ..., fh, we shall say that 
fi,...,fh satisfy the simultaneous Brjuno condition. 

Recall that (6) is equivalent to 






1 

< +00, 



and a proof of this equivalence can be found in [Brj] and [R3]. 

We shall give in the appendix other conditions equivalent to the simultaneous Brjuno 
condition. 

Remark 3.1. Note that if Ai, . . . , A^ do not satisfy the simultaneous Brjuno condition, then 
each of them does not satisfy the reduced Brjuno condition, i.e., 



V-log 



1 

+ 00, 



for k = 1, . . . ,h, where 



2'' ^ ujaA2''+^ 



^A,im) := imn [A^ - XkJ 

2<\Q\<m 
l<j<n 



In particular, if Ai, . . . , A^ are simultaneously Cremer, i.e., 

lim sup — log — - = +0O, 

m^+oo m UJAu-.-Ahi''^) 

and hence they do not satisfy the simultaneous Brjuno condition, then at least one of them 
has to be Cremer, i.e., 

1 1 

lim sup — log — - = +00, (7) 

m^+oo m ^Akijn) 

and the other ones do not satisfy the reduced Brjuno condition. 

Furthermore it is possible to find Ai , . . . , A^ satisfying the simultaneous Brjuno condition, 
with Afc not satisfying the reduced Brjuno condition for any A; = 1, . . . , /i, as shown in the next 
result, descending from Theorem 5.1 of [Yo] and Theorem 2.1 of [M]. 

Proposition 3.2. Let h > n > 2. Then there exists a set of h-tuples of hnearly independent 
vectors Ai, . . . ,Ah G (C*)", with the density of continuum, satisfying the simultaneous Brjuno 
condition, whereas for any pi, . . . ,ph € Z\ {0} the vector '}2k=iPk^k does not satisfy the 
reduced Brjuno condition. 
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Proof. The result descends easily from the proof of Theorem 5.1 of [Yo]. In fact, since 

h h 

min y^ |A? - -^fc,!'! = y^ min |A? - Afc,J < /i • min max lA? - Afc 

l<j<„ Z-^ ' « '■" A^ l<j<n ' *« '■" l<j<n l<k<h 

Q2ri|j^^Res^(Afc) fc=l fc = l Q0njJ^^Res^(Afc) Qgn;^^^ Res^ (Afc ) 



J I' 



it is clear that the simultaneous Diophantine condition introduced by Yoshino in Section 5 of 
[Yo] implies our simultaneous Brjuno condition. 

Hence we can use exactly the same construction of Yoshino in the proof of Theorem 5.1 
of [Yo] observing that, since the set of Cremer points, i.e., of the numbers € M satisfying 

V 1 1 1 

hm sup — log — -^— ^^ = +00, 

m^+oo m mm2<fc<m [e^'"*'"'' - 1| 

is residual, i.e., countable intersection of open dense sets, we can perform the same argument 
substituting, at the end of the proof of Theorem 5.1 of [Yo], Liouville with Cremer, and we are 
done. n 

Remark 3.3. Other possible definitions for a simultaneous Brjuno condition could had been 
given using the following functions: 

^Ai Ahi'm) '■= mill max min jAr^ — A^ J, 

2<|Q|<m l<fc</ll<J<n '■' 

ggn|^^^ny^jReSj.(Afc) 



or 



'^A, A^i'm^) '■= max min min |A^ — At J, 

'■"' l<k<h 2<\Q\<m l<j<n '^ '■' 



and asking for 



or 



j;^loga7Ai,...,A.(2''+i)<+oo, 

^i;l0g5A,,...,Aj2'^+l)<+00. 



2 
However, this definitions are clearly more restrictive than the one we chose, since we have: 

WAi,...,A^M <a;Ai,...,A^(m) < wai,...,A/.M' 
and hence 

but the inequalities are generically strict. 

Now we can state and prove our holomorphic simultaneous linearization result, whose 
proof will be an adaptation to our case of the existing methods introduced by Brjuno [Brj], 
and Siegel [SI, S2] (see also Poschel [Po]). 

Theorem 3.4. Let fi, . . . , fh be h > 2 simultaneously formally linearizable germs of biholo- 
morphism ofC^ fixing the origin and such that their linear parts Ai , . . . , A^ are simultaneously 
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diagonalizable. If fi, . . . , fh satisfy the simultaneous Brjuno condition, then fi, ■ ■ ■ fh are holo- 
morphically simultaneously linearizable. 

Proof. Without loss of generality we may assume that Ai , . . . A/j are diagonal, that is 

Afc = Diag(Afc,i,... ,Xk,n)- 

Since each fk is holomorphic in a neighbourhood of the origin, there exists a positive 
number p such that \\fj^ \\ < p'^' for |L| > 2. The functional equation 

fkOLp = ipoAk, 

remains valid under the linear change of coordinates fkiz) ^ afk{z/a), ^{w) ^ aip{w/a) 
with a = max{l, p^}. Therefore we may assume that 

V|i^|>2 ll/i'^ll<l, 

for k = 1, . . . ,h. 

Thanks to Theorem 2.5, we may assume that (fqj = for all Q £ n^^^Resj(Afc), hence 
for any multi-index Q G N"" \ n'^^^ n^^^ ReSj(Afc) with \Q\ > 2 we have 

hQ\\<eQ'^ Y^ IIv5qiII---IIv5qJI, (8) 

where Eq = mini<j<„maxi<fc</j |A^ - Afc,j|. 

Now, the proof follows closely the proof of the main Theorem in [P6]. For the benefit of 
the reader, we shall report it here. 

Following Poschel [P6], we inductively define: 



ttm = ^ "mi • 


^im,j 1 


for ni >2 


u>2 






, Ql = 1, 







and 

6q = Eq' max 6q,--- 6q^ , for Q € N" \ n^i r\^=i Res, (A^) with |Q| > 2, 

i/>2 

5e = 1, for any ^ G N" with \E\ = 1. 

Then, by induction, we have 

IIv^qII < a\Q\5Q, 

for every Q eW\ n^^^ n^^^ ReSj(Afc) with |Q| > 2. Therefore, to establish 

supTpr, logllv^gll < +00, (9) 

it suffices to prove analogous estimates for am and 5q. 
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It is easy to estimate a^, and we refer to [P6] (see also [R4]) for a detailed proof of 



sup — log Om < +00. 



To estimate 5q we have to take care of small divisors. First of all, for each multi- 
index Q f^k=i ^1=1 RsSjCAfc) with \Q\ > 2 we can associate to 5q a decomposition of the 
form 

^Q = ^Zo^Z'---<, (10) 

where Lq = Q, \Q\ > \Li\ > ■ ■ ■ > \Lp\ > 2 and La n^^^^ n"^]^ ReSj{Ak) for all a = 1, . . . ,p 
and p > 1. In fact, we choose a decomposition Q = Qi + ■ ■ ■ + Qu such that the maximum in 
the expression of 5q is achieved; obviously, Qa does not belong to n^^;^ '~'i=i R'6Sj(A/c) for all 
a = 1, . . . , zv. We can then express 6q in terms of e^^ and 5qi with \Q'A < \Qj\. Carrying on 
this process, we eventually arrive at a decomposition of the form (10). Furthermore, for each 
multi-index Q ^ H^^^ ^l=i ReSj(Afc) with \Q\ > 2, we can choose an index kq and an index iq 
so that 

For m > 2 and 1 < j < n, we can define 

to be the number of factors e^ in the expression (10) of 6q, satisfying 

El <Oujf^^,,,j^{m), and il = j, 
where a;/^^...j^(m) is defined as 

w/i,... f;,(m) = min £q, 

■"-' '■"* ^ ' 2<|Q|<m ^ 



'3^"fc = i'^?=i'^''=3('^fc> 



and 9 is the positive real number satisfying 

46 = min \Xk,p\ < 1- 

l<fc<h 

The last inequality can always be satisfied by replacing fk by /^T if necessary. Moreover we 
also have ojf^^,,,j^{rn) < 2. Notice that cj/j^...j^(m) is non-increasing with respect to m and 
under our assumptions ujf-^^,,,j^{m) tends to zero as m goes to infinity. 

The following is the key estimate, and it descends from Brjuno. 

Lemma 3.5. For m>2, I < j < n, and Q n^^^ '^i=i R'eSj(Afc), we have 

0, if \Q\ < m, 

Ni^iQ) < { 2\Q\ 



m 



1, if \Q\ > m. 



The proof of Lemma 3.5 can be obtained adapting the proof of Brjuno's lemma contained 
in the addendum of [Po], and we report it here for the sake of completeness. 
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Proof. The proof is done by induction on \Q\. Since we fix m and j throughout the proof, we 
shall write N instead of Ni^. 
For \Q\ < m, 

Bq > w/i,...,/J|(3|) > w/,,...jjm) > ^w/,,...jjm), 

hence N{Q) = 0. 

Assume now that \Q\ > m. Then 2\Q\/m — 1 > 1. Write 

with 

Q = Qi + --- + Q,., v>2, and |Q[ > IQil > ••• > IQ^I; 
notice that Q — Qi does not belong to n^^^^ ^"^=1 R-eSj(A/c), otherwise the others Qua would 
beinn|^^;^n^^iReSj(Afc). 

In this decomposition, only \Qi\ can be greater than M := niax(|(5| — m,m). If this is the 
case, we can decompose 6q-^ in the same way, and repeating this step at most m — 1 times, we 
obtain the decomposition (where Pi = Qi) 

where /U > 1, i^ > 2 and 

Q > Pi > ••• > Q^, 

Li + • • • + L^ = g, 

\Pfi\ > M > \Li\ >■■■> \L^\. 

Here, Q > L means, as in [P6], that Q — L & N" is not identically zero. The crucial point 
is that at most one of the e_ft-'s can contribute to N(Q), which is the content of the following 
lemma descending from Siegel. 

Lemma 3.6. If Q > L, the multi-indices Q, L and Q — L are not in Ci'^^-^ Ci^^i Resj(Afc), and 

eg <6'a;/,,...jjm), el < ujh,...j^{m), ig = il, 
then \Q — L\ > m. 

The proof of Lemma 3.6 can be obtained adapting the proof of Siegel's lemma contained 
in the addendum of [Po], and we report it here for the sake of completeness. 

Proof. Thanks to the definition, for all /c € {1, . . . , /i} we have 
moreover, since we are supposing ej^ < 9 ujf^^j^{ni), we have 



It follows that 



> 461 - 2(9 = 29. 

2^^/i,...,/J"i) yeq + EL 

>\^2-K^Q\ + \^k-KiL\ 

>|A^-A^I 

>|A^||A«-^-l| 

>2euf,_f,{\Q-L\ + l), 

and therefore w/^,...j^(|Q — L| + 1) < ujf^^,,,j^{ra), which implies \Q — L\ > mhy the mono- 
tonicity of oj/^ ^ . . . j^ . D 
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Thanks to the previous result, it follows from the decomposition of Sq that 

N{Q) < 1 + NiLi) + ■ ■ ■ + N{L,). 

Choose < /9 < z^ such that \Lp\ > m > jLp+i|. By the induction hypothesis, all terms with 
\L\ < m vanish, and we obtain 

NiQ)<l + N{Li) + --- + NiLp) 

m 
'1, p = 

V m If — 1 

<2M-1, 

m 

concluding the proof. D 

Since the fi,- ■ ■ ,fh satisfy the simultaneous Brjuno condition, there exists a strictly in- 
creasing sequence {pu}u>o of integers with po = 1, and such that 

1 1 

We have to estimate 

1 ^1 

— log (5q = J^ — log ell ' Q ^ ^fc=i ^i=i I^e^J- (^fc ) • 

By Lemma 3.5, 

2n\Q\ 



card{0< j < p : 6lw/,,...,/Jp^+i) < El^ < 9ujf^^,,,j^{p^)} 



< 



for V > 1. It is also easy to see from the definition of 5q that the number of factors e^. is 
bounded by 2|(5| — 1, and so the previous inequality holds also for i/ = when the upper bound 
is dropped. Therefore, 

1 



-— log 5q < 2n ^ — log 



\Q\ f^^Pu ^^h^-JniPi^+l) 

(12) 



^^ y] ~ ^°s — ^ — \ + ^°s z y] — 



Since a;jj^...j^(r7T,) tends to zero monotonically as ra goes to infinity, we can choose some m 

such that 1 > ^f-i_,...,fh(j^) fo'^ ^11 m >rn, and we obtain 

v^ 1 1 v^ 1 , 1 

> — < =^ / — log 

where uq verifies the inequalities Pu^-i <rn< p^^. Thus both series in parentheses in (12) 
converge thanks to (11). Therefore 

sup iTr, log dQ < +00 
and this concludes the proof. D 
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Combining Theorem 2.10 and Theorem 3.4 we obtain the following equivalence. 

Theorem 3.7. Let fi, ■ ■ ■ , fh be h > 2 formally linearizable germs of biholomorphisms of C" 
fixing the origin, with simultaneously diagonalizable linear parts, and satisfying the simultane- 
ous Brjuno condition. Then fi, ■ ■ ■ , fh a,re simultaneously holomorphically linearizable if and 
only if they all commute pairwise. 

Proof. If fi, . . . , fh are simultaneously holomorphically linearizable, since their linear parts are 
simultaneously diagonalizable, then they all commute and we are done. 

On the other hand, \i fi, . . . , fh commute pairwise then they are simultaneously formally 
linearizable, by Theorem 2.10, hence the assertion follows from Theorem 3.4. D 

We can also deduce the following result. 

Corollary 3.8. Let fi,. . . ,fh be h > 2 germs of biholomorphism of C" fixing the origin 
and such that the linear part of /i is diagonalizable, and its eigenvalues have no resonances. 
If the linear parts of fi, . . . , fh are simultaneously diagonalizable, /i commutes with fk for 
k = 2,...,h and fi, . . . , fh satisfy the simultaneous Brjuno condition, then fi,...,fh are 
holomorphically simultaneously linearizable. 

Proof. It follows from Proposition 2.13 that fi, . . . , fh are simultaneously formally linearizable, 
and then the assertion follows from Theorem 3.4. D 

We also obtain the following generalization of Theorem 2.5 of [Rl], to which we refer for 
the definitions of only level s resonances and simultaneous osculating manifold. 

Proposition 3.9. Let fi, . . . , fh beh >2 germs of biholomorphism of C"" fixing the origin with 
simultaneously diagonalizable linear parts, and satisfying the simultaneous Brjuno condition. 
Assume that the spectrum of the linear part of /i lias only level s resonances and that /i com- 
mutes with fk for k = 2, . . . ,h. Then fi, . . . , fh are simultaneously holomorphically linearizable 
if and only if there exists a germ of complex manifold M at O of codimension s, invariant un- 
der fh for each h = 1, . . . , m, which is a simultaneous osculating manifold for fi, . . . , fm and 
such that fi\M, ■ ■ ■ , fm\M are simultaneously holomorphically linearizable. 

Proof. Proposition 2.12 implies that fi, . . . , fh are simultaneously formally linearizable, hence 
they are in the hypotheses of Theorem 3.4 and this concludes the proof. D 

Remark 3.10. It is possible to prove a simultaneous holomorphic linearization result using 
the same functional technique of Riissmann [Rii], yielding the following statement. 

Given fi, . . . , fh, h > 2 pairwise commuting germs of biholomorphism of C^ fixing the origin 
and such that their linear parts Ai, . . . ,Ah are non-resonant and diagonalizable, if 



Z^ ou °^ 



1 



2^ cI^Ai A. (2'^+!^ 



< +00, (13) 



where 



WAi,...,A, (m) = max min |A^ - XkJ 

l<k<h 2<\Q\<m 



l<j<n 

then fi, ■ ■ ■ fh are holomorphically simultaneously linearizable. 

In fact, by the commutation hypothesis, Ai, . . . ,Ah are simultaneously diagonalizable, so 
we may assume them to be diagonal. Moreover, since Ai,...,A;i are non-resonant, each fh 
admits a unique formal linearization which is their unique formal simultaneous linearization ip, 
thanks to the commutation hypothesis. 
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We can then perform the argument of Section 6 of [Rii] for each //„ getting estimates for the 
convergence of c/? substituting his function $7 with the function LiJAt; ("T-) '■= min2<iQi<™ |A^— Afc^j| 

1 < ;j' < Tl 

for each k = 1, . . . ,h, and we get the assertion because we can estimate the convergence of (p 
using the maximum of these a;Ai(wi), • • • -.^hhif^)-! that is using (13). 

Note that in this case we use one of the generahzations to a simultaneous Brjuno condition 
we introduced in Remark 3.3, which is, as we remarked, stronger than the simultaneous Brjuno 
condition we introduced. Moreover, to use Theorem 2.1 of [Rii] we have to assume Ai, . . . , A^ 
to be non-resonant to have a unique formal linearization, and to be able to apply Riissmann's 
procedure to each germ separately, which is, again, a bit stronger condition than just asking for 
our germs to be simultaneously formally linearizable. However, at least in principle, it should 
be possible to prove Theorem 3.4 with functional arguments. 

Appendix: Equivalence of various Brjuno-type series 

In this appendix we prove the equivalence of three Brjuno-type condition/series. In fact 
in the literature studying of the linearization problem one can find at least the following three 
series: 



u>0 



2^ ''a;(2'^+i)' 



and 



k>\ ^ ' 



k>\ 



^^A;(fc + 1) ^a;(fc)' 



where w: N ^ M is a non-increasing monotone function, usually containing the information on 
the small divisors one has to estimate. The first one was introduced by Brjuno in [Brj] while 
the other two can be found for example in [D], [Rii] and [GM]. 

Riissmann proved that, in dimension 1, the convergence of R{iS) is equivalent to the 
convergence of -B(w) (see Lemma 8.2 of [Rii]), and he also proved the following result. 

Lemma 3.1. (Riissmann, 2002 [Rii]) l-iet $7:N ^ (0,+oo) be a monotone nan decreasing 
function, and let {sjy} be defined by s^, := 2'^+'^, with g G N. Then 

j]liogf](s.+i)< Yl ^i°g^(^)- 

We proved (see Lemma 4.2 of [R4]) that in fact if R{iS) < +oo then also B{uj) < -|-oo. In 
fact, we can prove the following equivalence. 

Theorem 3.2. Let w: N — )• M be a non-increasing monotone function and consider the following 
series 

«(-) = E ^ 'OS ^, K(W = E ^ 1°^ ;^. "^ r(.) = g ^ log J^^ 

Then we have the following inequalities: 

r{u;)<R{uj)<2r{uj), (14) 
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and 

rM < ^B{co) < 2rH -log-ly. (i5) 

Proof. The first inequalities are immediate to recover, because for any fc > 1 we have 











1 1 

k{k + l) - fc2 - 


2 

k{k + l)' 


To prove (15). 


, recall that 
















6-1 

> = 


1 1 
a b 


Then, 


for the first inequality in i 


(^15) we have that 










1 


1 


1 

-1) ^ w(2'^+i)' 








00(2^) ^ ^ a;(2^+i - 


hence 


















Tiu) 


^ ^ k(k + l) °^u}(k) 










'g'°^-P-') 


2" + !-! 
,^. ^(^+1) 










= -,B(.)^ 




For the other 


inequality, we use 












1 


1 
< ... < 


1 
< 



uj{2^+i) -'" - a;(2'^+2 - 1) " ^(2-^+2) ' 
hence 

2''+2_i 

i5H = 2j:iog-^ E fc(^ 

- Z^ Z^ A;(A; + 1) ^tj(A;) 

= 2rM-iog^, 

and we are done. D 

As a corollary we obtain the following equivalence. 
Corollary 3.3. With the above definitions, we have 

B{u!) < +00 ^^ r(a;) < +oo ^^ R{uj) < +oo. 
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In particular, the simultaneous Brjuno condition, or any Brjuno condition, can be ex- 
pressed through the convergence of any of the three series B, R, and F. 
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